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Computationally Efficient Bounds for the Catalan Numbers
RONALD D. DUTrON AND ROBERT C. BRIGHAM
Easily computable lower and upper bounds are found for the Catalan numbers
1 (2n)C=-
n n+l n .
Each represents a good approximation to Cn and their average improves the approximation
appreciably.
INTRODUCTION
The solutions of several combinatorial problems involve the numbers {Cn }~=o defined
by the recurrence formula
Co= 1
and
Cn = COCn - 1 + C1Cn - 2 +... + Cn - 1Co, for n ~ 1.
These numbers are known as the Catalan numbers [3] and can be expressed in the closed
form
C =_1 (2n)
n n+l n
from which one can easily show that
4n-2
C; =--Cn - 1 for n ~ 1.
n+l
(1)
Theoretically, of course, one can compute Cn from any of these expressions. None,
however, is especially attractive from a computational standpoint; and it is reasonable
to search for an easily computable approximation which has acceptable accuracy.
ApPROXIMATING Cn
Comtet [2, pp. 291-292] uses Stirling's formula to approximate the factorials appearing
in (1) for sufficiently large n. Applying this approach to Cn yields
C =_1 (2n) = 4
n
( )
n n+l n (n+l)JmI ' 2
We will show that the right side of (2) is an upper bound for Cn' First we provide new
lower and upper bounds which are easy to compute and asymptotically equal. Further-
more, each provides a better approximation to C; than one obtains using (2). Detailed
proofs of the following lemma and theorem can be found in [1] .
Olmsted [4, p. 488] gives the identity
lim(~ . i . . .. .~) . (~ .i .. . . .~) =:!!.
n_OO 1 3 2n-l 3 5 2n+l 2'
from which we can obtain a useful preliminary result.
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LEMMA. For n ~ 2
2 1 2 4 2n -2 2 1[?T(4n+1)/16n ]2<-.- .... '--<[?T(4n+1)/(16n -1)]2.
3 5 2n-l
Now, by using induction, the previous lemma and the definition of C; in equation (1)
we can derive the following.
THEOREM. For n ~ 1
4n 4n
( ( ))
I < c, < (( ))I.4n 2 4n+ 1 2
(n+1) trn 4n-l (n+1) ttn~
Clearly the ratio of the upper and lower bounds given in the theorem approaches one
as n approaches infinity and, therefore, both bounds are asymptotically equal to Cn' Also,
since
4n 4n
(n+1)( ?Tn(4::1)y«n+1)J1m'
(2) provides an upper bound for C; but is never better than the one in the theorem.
Further, it is possible to show that the lower bound of the theorem, for any n ~ 1, is
closer to Cn than is (2). This can be seen as the result of the even stronger statement,
which can be verified by simple, although messy, manipulation, that the average of (2)
and the lower bound always exceeds the upper bound of the theorem.
Additionally, it can be shown that the average of the bounds provided by the theorem,
1 4n ((4n -I)! ( 4n )!)
2(n+1)J1m ~ + 4n+l '
is always less than Cn' This implies that the error in the approximation to C; by the
upper bound of the theorem is better than that obtained from (2) by at least a factor of
three. It further suggests that (3) is itself a good approximation to Cn • A computer program
was written to verify this for the first 50 Catalan numbers, and the results are summarized
in Table 1 for selected values of n. The table shows the ratio of the error obtained using
TABLE 1
n
E. E. s:
EL Eu E(2)
10 0·047449 0·052424 0·000619
20 0·024358 0·025606 0·000155
30 0·016381 0·016936 0·000069
40 0·012339 0·012651 0·000038
50 0·009897 0·010097 0·000024
the average (3) divided by the error obtained using each of the three bounds of this note.
In the table, B; is the error using the average (3); EL, the error resulting from the lower
bound of the theorem; E u , the error from the upper bound of the theorem; and E(2l> the
error from the bound of (2).
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